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THE SPECTRA OF THE OPERATORS REPRESENTING u(d) AND U(d)
SPECTRAL ANALYSIS

THE OPERATORS REPRESENTING u(d)

o Let A=( B.§), where B and C are d x d real matrices such that
B* = —B and C* = C. The main purpose of this talk is to compute
and analyze the spectrum of the following family of operators on
L2(R9) with domain S(RY) (i.e. the Schwartz space):

H *EZC- (fainrx-x )JriZB- (x i—x-i)—ltr(B)
AT Ik Oxioxi ! KT ik k@xj Tox” 2 '

o It turns out that, under the identification R?¢ > (x,&) + x + i¢ € CY,
the matrices A of the previously described type correspond with
matrices belonging to the Lie algebra u(d) of anti-hermitian
matrices and the map A+ Ha is a Lie algebra homomorphism.
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COMPUTING THE SPECTRA

Recall that any anti-hermitian matrix has purely imaginary eigenvalues.
Our first purpose is to explain the following result.

THEOREM

Let isy,isp,---isqy be the eigenvalues of A. Then the point spectrum of
Hy is given by

op(Ha) = {~ Y 5| n € N} + 2 tr(A)

and the spectrum of Ha is 0(Ha) = op(Ha).

After showing this result, we will look for conditions to guarantee that
the spectrum is discrete. Under those conditions, we will use some
combinatorial tools to study the multiplicity function. We will show that
the counting of eigenvalue function behaves as a so called Ehrhart
polynomial of degree d. Finally, using the Weyl symbol of Ha, we will
show a Weyl's law for those operators.

FABIAN BELMONTE JOINT WORK WITH GIUSEPPE DE NITTIS EXPLICIT SPECTRAL ANALYSIS FOR OPERATORS REPRESENTING THE UNITAR
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WEYL QUANTIZATION AND THE METAPLECTIC
REPRESENTATION

One of the main tools to show our results is the Weyl quantization,
which we denote by Op”. More precisely, for each f € §'(R29), let
Op(f) : S(RY) — S'(R?) given by

[p" (Fu](x) = (Mﬁ)’d/w /R (%57 8) et uly)acay.

We also define Op = Op!. It is straightforward to show Ha = Op(pa),
where

and J is the so called symplectic matrix, i.e. 3= (2{).
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o Let Sp(d) be the real symplectic group. The metaplectic
representation is a map s, : Sp(d) — U(L2(R?)) such that

Op"(f 05*) = un(S)Op" (Fun(S) .
for every S € Sp(d) and f € S'(R?9).

o Despite its name, py; is not a representation of Sp(d) in the usual
sense. However, this issue vanishes when py is restricted to U(d).

o It turns out that Ha = —i % u(e™)|¢=o.
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PRESERVATION OF CONSTANTS OF MOTION OF THE
HARMONIC OSCILLATOR

o Let ho(x,&) =1/2(]|€]|? +||x||?) be the classical harmonic oscillator
and Ho = 3(—A+||x|?) be the quantum harmonic oscillator.

o We will say that f € C>°(R?9) is a (classical) constants of motion of
ho if {ho,f}=0. Itis straightforward to extend this notion to
f € §'(R29).

THEOREM

Let f be a real tempered constant of motion of the classical harmonic
oscillator. Then Op(f)[S(R?)] C S(RY). Moreover, Op(f) with domain
S(RY) is an essentially selfadjoint operator on L>(R?) and we also denote
by Op(f) its closure. Furthermore, Op(f) strongly commutes with Hy.
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o Let {¢a}aeNg be the Hermite basis. It is well known that the
eigenspaces of Hy are Hy = span{¢q | |a| = k}, with k € Np.

o In particular, if f € S'(R??) is a tempered constant of motion and
we denote by Op,(f) := Op(f)|3, . then

op (Dp(F)) = Jop (Opk(F))
k

and g, (Op(f)) = o (Op(f)).

o It is easy to show that p4 is a classical constant of motion of hg.

e If o+ denotes the Hamiltonian flow of hy and g € U(d), then
got = org. Moreover, (ot) = eto. Therefore, 1(g) also
commutes with Hyp and its spectrum admits the same decomposition
than above.
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BARGMANN TRANSFORM AND THE SYMMETRIC
TENSOR PRODUCT

o Let 39 be the Segal-Bargmann space, i.e. 9 is the Hilbert space
formed by all the holomorphic functions F : C? — C such that
J |F(z)|2e_’T|z|2 dz < 0o. Also, let B: L2(RY) — §9 be the
Bargmann transform.

o It is well known that B(Hy) is the space spanned by the monomial
of total degree k.

o For each g € U(d), define v(g) = Bu(g)B*. Then, for each q € §9,
we have that

[v(g)ql(z) = det(g) "*/?q(g*2).
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It is well known that B(Hj) is isomorphic with k-the symmetric power
Sk((Cd) of C9. More precisely, let e1,---eq be the canonical basis of C?
and for each ji,---ji € {1,---,d}, let q;,...;, (z2) = zj, - zj,. It is well
know that the map Ty : SK(C9) — §¢ given by

Tk(ejl OXNO) ejk) = Gj1,ji

extends to an isomorphism of vector spaces, where ® denotes the
symmetric tensor product.

PROPOSITION
Let vy = v|g(p,) and nk(g) == T, 'ui(g) Tk : SK(C?) — SK(C?). Then

(&) (1O e O v) =det(g) (V1) @ (8v2) O+ © (BWk),

for any g € U(d) and v1,va,--- v € CY.
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COMPUTING THE SPECTRUM OF 1(g)

THEOREM
Let 0y,---,04 the eigenvalues of g € U(d). Then, the point spectrum of
u(g) is given by

op(n(g)) = det(g) "2 {0" := 1" 04 | (m,-- ,ng) € NG }.

For any g € U(d), g has an irrational rotation eigenvalue if and only if
o(u(g)) = St. Moreover, if ; = exp (27;'_’7]) with p; € Z and q; €N, then
U

o)) = o(u(e)) = dex(g) /2 { 2 [ me i}

where q is the least common multiple of the denominators q1,---,qq and
p is the greatest common divisor of %7 S ,qqu;d‘. In particular,

o(u(g)) is a translation of a finite subgroup of S*.
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Sketch of the proof: Let vi,--- v, a basis of eigenvalues corresponding
to 01,---,04. Thus,

(g) (Vi @+ 0 V;) = det(g) 2(gv;) 0+ © (87,)
=det(g) /20 -0, (v 0 O )

Since the vectors (V;; ®---®Vj,) forms a basis of S¥(C9), the first part
of our result follows.

Sketch of the proof of our first result: Taking g = e in the previous
proposition and derivating at t =0 we obtain that

dk(A) (i OV O O )
1 _
:—§tr(A)(v1®v2®--~®vk)—f—(Avl)@vQ@---@vk
+OAR) O Ov+ -+ OV OO (Av)
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Let {v;} be a basis of C¥ such that Av; = is;v;. Then

— _ 1 — _

dnk(A)(le ®"'®ij) = _Etr(A)(le ®"'®ij)
+(A}) OO OV 4
+ﬁ®~-®(Aij)

1
= _7tr ZSJ/ (Vi @ ©OV).

Since the vectors (Vj; ® - ©Vj,) forms a basis of S¥(C?), our result
follows.
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DISCRETE SPECTRUM AND MULTIPLICITY

PROPOSITION

Let isy,isy,---isqy be the eigenvalues of A and
L(s)={—>_sjnj | n€ Ng}.. The following statements are equivalent:

A) The subgroup of R generated by the monoid L(s) is of the form xZ,
for some x € R.

B) There is x € R and py,---pg € 7 such that s; = rjx.

C) op(Ha) is uniformly topologically discrete, i.e. there is r >0 such
that (A—r,\+r)N(C—r,(+r) =0, for every \,( € op(Ha).
If any of the previous statements holds then o(Ha) = op(Ha).
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For each \ € g,(Ha), let

M)\:{(n17n27"'a EI\IO

Z n;sj+ tr(A) }

From the proof of our first theorem it follows that the multiplicity of A is
ma(X) = #(M,). This, together with some known combinatorial results,
implies the following result.

PROPOSITION

Let Acu(d) and isy,isy,--- ,isq its eigenvalues. Assume that s; = pjx
with pj € Z and x € R—{0}, for each 1 < j < d. All the eigenvalues of
Ha have finite multiplicity if and only if the real numbers sy,---,sq have
the same sign. In such case, if ma(\) denotes the multiplicity of the
eigenvalue \, then

(10— S AN,

1
.
i Mo.
I

where aj(k) depends only of residues of k moduli d!, for each k € N and
1<j<d.
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For simplicity, in what follows we will assume that s; = pjx <0, and we
will choose x > 0. Let

NA(r) = #{N € o(Ha) [ < r} = #{n € N | =3 sy + Ltr(A) < 1}
and
P:{XERd ‘XZOv_ZXJ'pj <q},

where g be the minimal common multiple of —p1,—p2,---—pg. It is
straightforward to show that, if k = g~ 'x~1(r — 2tr(A)) € Ng, then

i(P, k) = # (kPﬂZd> = Na(r).

E. Ehrhart proved that the left hand side is a polynomial for any
Polyhedra P with integer vertices and this was the beginning of an
important topic in combinatorics. Some of the results on that topic lead
to the following result.
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THEOREM (SPECTRAL ASYMPTOTICS)

Let isy,isy,-- - isq be the eigenvalues of A € u(d). Assume that s; <0 and
that there are p; € Z and x € R such that s; = p;jx, for each 1 < j<d.
Choose x > 0 and let g be the minimal common multiple of
—p1,—p2,---— Pg. Then there is a polynomial p(k) = Z}j:o cik! such
that

p (I~ 5eAN(@) 1) < atr) < p ([0~ oA (@) 1 41)).

where [t] denotes the integer part of t, for any t € R. The inequality in

the left hand side becomes an equality whenever ri?qiir(A) € No.

Moreover, if P = {x € R | x >0, — > xjpj<q}, then =1, cg=|P| is
the volume of P and cy_1 = %|379| is one half of the sum of the
(d —1)-volume of the faces of P.
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Introducing Planck’s constant dependence, it is not difficult to show that
HE .= Dph’(pA) is unitary equivalent to iH4 and the spectral analysis
above can be repeated. The latter result implies the following.

THEOREM (WEYL’S LAW)

Let isy,isy,- - isq be the eigenvalues of A € u(d). Assume that s; <0 and
that there are p; € Z and x € R such that s; = pjx, for each 1 < j < d.
Also let Hj = Dp"(pa), Nj(r) = #{\ € o(H}) [ A < r} and

Ea(r) ={(x,€) € R?? | pa(x,€) < r}. Then

i s
M) = @) lean)] + Elem et [ [l
2 OE(r)
+ O(ﬁ_d+2rd_2).
where i is the measure corresponding to the canonical volume form on

0a(r) = {(x,€) € R* | pa(x,€) = r}.
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MUCHAS GRACIAS!!
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