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The magnetic Dirac operator in dimension two

We consider in L? (]Rz)2 the Dirac operator with a homogeneous magnetic field
B =(0,0,b). This operator is defined by

Dy:=0-(—iV—A)+mos3
where o := (01,02), 03 are the Pauli matrices, A := (A1, A2) =b(—%,%).

More explicitly, by defining
4= (—i0p, — A1) +i(—iOy — Ag) = —2ie V171" /4G blol*/4

a* = (—i0z, — A1) —i(—10, — A2) = _oieblel* /4 g —bl=l*/4

m a*
Do_(a m).

The operator Dy is essentially self adjoint in C§°(R?)?.

then



Relation with the Landau Hamiltonian

Define now the Landau Hamiltonian
Hp = (—iV — A)*.

It is easy to see that

D2 Hp —b+m? 0
0 0 Hp +b+m?

The spectrum of Hy, is given by the Landau levels Ap =b(2n+1), n € Z4.
Moreover, by using the Foldy-Wouthuysen unitary transformation Upyy

% HL—b+m2 0
Dy=U v Upw.
0 FW( 0 - HL+b+m2) W

Then, the spectrum of Dg is made up of eigenvalues of infinite multiplicities, the
so-called Landau-Dirac Levels

\/2bg+m?2, q€{0,1,2,...}
Hq =
—/2blg|+m2, qe{-1,-2,..}.



Orthogonal projections

We have the relations a*a = Hy, —b and aa™ = a*a+2b= Hy, +b, for any n € Zy, then
Ker(Hy, — Ay) = (a™)"Ker(a).

Denote by py, be the orthogonal projection onto Ker(Hy, —Ay) (n € Z4)

Similarly, denote by Pg the orthogonal projection onto Ker(Dg — pq) (¢ € Z).

It is not dificult to see that

. 0
Ui ( %q . ) Upw, q¢€1{0,1,2,..}
Pq ==

« 0 0
UFW ( 0 > Urw, q6{71,72,...}.
DPlq|



Perturbation and eigenvalue counting function

Let V1,V2 and W be measurable decaying functions in R? and take
A%
v ().

w= —Ay—iAy, and b= c%lgg — 81;221, then the total magnetic field is b+ b).
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Perturbation and eigenvalue counting function

Let V1,V2 and W be measurable decaying functions in R? and take
V= (;} ‘VZ> .
w= —Ay—iAy, and b= 61122 — 81;2111, then the total magnetic field is b+ b).
This is a relatively compact perturbation of Dy, then the perturbed operator
Dy :=Dg+V
satisfies:

O'ess(DV) = UeSS(DO) = {/iq» qc Z}

Denote by E7(w) the spectral projection of the self-adjoint operator T" associated
with the Borel set w.
For g € Z set

N;_ ()‘) = TTED0+V(ﬂq + )‘7&)7 Nq_ ()‘) = TrEDO—i-V(aan - >‘)7

where « is a fixed number in (ug, tg+1) and (g—1,1tq), respectively.



Some history and methods for related results

On the asymptotic distribution of eigenvalues for the magnetic Schridinger
operator Hy +v:

@ Raikov 1990, Ivrii 90’s: v moderately decaying
o(@) ~[a] 7T = Na(X) ~ A2

An important ingredient: The Toeplitz operator pnvpn.
o Raikov-Warzel 2002, Melgaard-Rozenblum 2003: v fast decaying

. [In Al
v(z) with compact support = Np () T[T
o Filonov-Pushnitski 06: improvement
[In Al [InA|In(In|In A|) [In A
)= 1
Mo = L T Az i manz (& o)

Both results need v > C > 0.

Problems with fast decaying perturbations
Symbols of variable sign



Pushnitski, Rozenblum 2007, Persson 2009, Goffeng, Kachmar,
Persson-Sundqvist 2016: obtacles

Pushnitski, Rozenblum, 2011, results for some potentials with not fixed sign
Lungenstrass, Raikov 2016, metric perturbations

Cardenas, Raikov, Tejeda 2020: non-local perturbations.

Behrndt, Exner, Holzmann, Lotoreichik 2020: §-potentials on curves

In almost all these cases there is a condition of positivity on the perturbation.
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Pushnitski, Rozenblum, 2011, results for some potentials with not fixed sign
Lungenstrass, Raikov 2016, metric perturbations

Cardenas, Raikov, Tejeda 2020: non-local perturbations.

Behrndt, Exner, Holzmann, Lotoreichik 2020: §-potentials on curves

In almost all these cases there is a condition of positivity on the perturbation.

On the asymptotic distribution of eigenvalues for magnetic Dirac
operators

o Ivrii 90’s: V power-like decaying
o Melgaard-Rozenblum 2003: V =vly > 0 compactly suported

We are interested in V’s of compact support with no fixed sign
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Lemma

If My > M> then




Diagonalization trick
For a given € > 0 define the potentials

v (ViEe(Val+ W) we
€ w Va£e(|Va| +|W])

PV Py+Pa (V= HV)PE <V <PV P+ Py (V+e V)P
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Diagonalization trick
For a given € > 0 define the potentials

vt (ViEevil+Iw)) W
< W Vo & e(|Va| +|W))
PV Pa+PE(V —e V)PE <V <PV Py+ P (V4e V)P

Proposition

1t (A PgVe Pq) +0(1) S NG (N) <np (N PV Pg) +0(1)

For ¢ > 0 set
To(V') :=poV1po;

1-—
Ty(V) :=tqpqVipq +

1
2b Lpqa V2apq+2uq pq(a™W + W a)pq

Lemma




Main result I: V7 non negative

Theorem (1)

Let ) be a bounded open set with Lipschitz boundary in R?. Assume
2

V1, Vo, W € L°°(R*) with support in Q and V4 > C > 0. Then for any q € Z

N = [In Al \hl/\\ln(ln|h{1/\\) [In A| {
4 In|In Al (In|In )2 (In|InA[)2

(€(Q)+0(1)) AN 0.




Main result I: V7 non negative

Theorem (1)

Let Q be a bounded open set with Lipschitz boundary in R2. Assume
2

Vi, Vo, W € L™ (R*) with support in Q and V43 > C > 0. Then for any q €7

[In Al [In A|In(In |In A]) [In A|

0\ —
Ng () = In|In Al (In|In )2 (In|InA[)2

(€(Q)+0(1)) AN\ 0.

Here b
¢():=1+In (5 Cap(Q)2> ,

and Cap(Q) coincides with the transfinite diameter, i.e., is equal to limp—so0 0n (£2)

where ,
5n(Q):= max ( I1 = fzj|) T
21,72 €



Some ideas of the proof

The space pn, L? (Rz) is isometric with the Fock space ]:27 i.e., the Hilbert space
consisting of all entire functions f such that

/ 1£(2)2e = A am(2) < co.
C
Introduce in F2 the quadratic forms

rq(v = a” qe_b‘z‘z/4 2)2v(z)dm(2).
@11 [ ) 7 Po(z)dm(2)

sn(W)[f] = 2Re / (@)™ F(2) (@)L (2)e P11 2T (2)dm(2).

C

Then T4 (V) is unitarily equivalent to the operator in F 2 given by the quadratic form

rq(V1) +7q—1(V2) + 8¢(W)



Some ideas of the proof

The space pp, L? (]RZ) is isometric with the Fock space F 2, i.e., the Hilbert space
consisting of all entire functions f such that

/C|f(z)|2e—blzl2/4dm(z) < .

Introduce in F? the quadratic forms

ro0)1f /| Y1~/ £ () 20 (z)dm(2).

sn(W)[f] = 2Re /C (@)™ F(2) (@)L F(z)e 122 (2)dm( ).

Then T4 (V) is unitarily equivalent to the operator in F 2 given by the quadratic form
rq(V1) +7r¢—1(V2) +5¢(W)

Lemma

There exists a subspace of finite codimension in F 2 where

rq(V1) +rg—1(V2) + sq¢(W) > Cro(xq)
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Consider the case ¢ = 1. From the Cauchy-Schwarz inequality we have the estimate,
for any § > 0:

st W)L < Bar (WDLA + sao (WL,
After,

r1 (V1) [f]+ro(Va)[f]

/ (0= 121 ()P Vi am(a) + [ 7 a2
C

Since H'(9) is compactly embedded in L2(£2), for any ~ > 0 there exists a subspace
of finite codimension in H*(£2) such that I £ll2 @) <V fliL2 )

P (VDA +70(V2)[f] 2C (10f1 120 = Il 2 (e))
>Cyllfll72 0

Then
r1(V1) +ro(Va) + s1(W) > Cro(xa)

Now we follow the same analysis of Filonov-Pushnitski’06 using orthogonal
polynomials.



Main Result 2: The negative part is “encircled” by the positive part

We say that a compact set K is encircled by an open set € if there exists a Jordan
curve I' C  such that K is contained in the interior part of I'.

Theorem

ist K CR? a compact set, and 21,9 open
bounded subsets of R* such that ncircled by Q1 UQo. Further, assume

Vi > Cixa, —Cxk; Ve>Coxa,—Cxk; [W|<Cixq,w+Cxk,




Gracias por su atencion!



