


Crossings of ClassicalTrajectories
and Resonances

for Schrödinger systems

with S . Fujiié (Kyoto) and K . Higuchi (Ehime)

I setting
Consider the 1D2x2

matrix Schrödinger operator

P = P(h) =
Pe(h)hw

in L (112 : (2)S S
hW
* Pelh)

where

Pj(h) = (hdx)+Yj(x)(j
= 1 ,c) With Smooth Ve(i)

and

w = ro(x)+ im(x)hDx:traction ,
ro,reCCR1)

Here Dx : = - : Ex

ho is a small parameter (the
semiclassical parameter)



Casicaldes (T* = 12 be the symbot of
4j(h) ·

The classical dynamics
is described by

His = 2242x - dx4jda
=
228x - Yj(x)a

and the classicaltrajectory
is

(x(t) .3(t) = exp(+Hpj)(x030),
tEl .

~

Hamiltonian flowL-
In our 1D setting , it coincides

with the characteristic
set

↑j(E) := ((xR)EIR" : Po(vi3)
= E3 (EEIR)

Conservationlaw : 4: (exp(te(xis) = p(x ,))

for all (x ,2) E TJCE)



The model : Assume Yj(x)-> VI EIR.
- X-> 10

Fix EER . We consider the following 2 types of
potentials

(A1) V is a simple well potential
at Fo :

Ve(x) = Es 30 , YXE12
.

-

VE) Es and
5 aobo Sit.

(x- ad) (x-bo)

Y1

*i
The spectrum of

4
. (h) near to in

discrete consists of
-

simple h-dependent eigenvalues .



In the semiclassical limit hot , these eigvalues
are approximated by the

roots of

Behr-Sommerfeld quantization②Cos (A) = rule (BS)

ALE = Jadx : The action along
i(E)

Eo+S

Eo-S 0(u2) O(n)
&

&
XX X X[ XX XX ~

J
M r

- - o(n)

eigenvalue roots of (BS)

of 4(h)



(A2) V2 is a non-trapping potential
at Ex :

Va. EWat
and Cotir Sit . Yo
,i

↑ V2(x)

Es
i# To

The Spectrum of P2(h) near Fo is
continuous

Eo+S
Eo-S
-

1



In the trivial case We

T(Pr [Eo - S , to+ 5]
= ((PUT)) REEo-S . Eo+ 5]

Es
Eo-S

[ X J-XX

continuous spectrum with

embedded eigenvalues

In the general use , we expect
that the embedded

eigenvalues shift
in the tower complex plane

as

resonances (Fermi's Golden rule)



Definitionofresonances Let R be a small complex neighb.

of Es .

a resonance of P ifEER is-
Pw = EW .

7 ofw outgoing such
that

Woutgoing means
that x1

w(To(x) EL (iCY

COR : c) = Tol) =3
for 070 Small and Rob

1 .

-

-⑭htdistortion

"we need analyticity

S



Reciprocat of Life time of the2Imaginary part of resonances quantum particle
(resonance width) I

between the two

- Closely related to
the interaction-

classiant dynamics of
41 and 4s.

Particles trapped in i may
change the

Intuition :
-

trajectory toi
thanks to the

interaction and

escape
to infinity

The"probability" of this change of trajectory
from in

to * should determine
the resonance width.
-

Higher the probability => widen the
resonance

width



act This happens when

1) V, anda don't
cross : inf ((x) -2(x))) 0

al(x) XE12

#
#z
mataneme'pt , Bahanligo , submaV"belowthe

crossing

tr.
C IX

# g T
E

L -Ashida'1
Resonance width = Ole-Yu) I (yo

In this Ese : I (Phase Space tunneling)



We are interested in the case In =P ·

Here we only take
a simple model :--

E00 ,
Yn(d=2(d= 0 , Ext :Y= (x)E0]=303

Assume that
the contact order new of

e
and ve at x=-

is finite.

Two cases : with contact order
-

m=n

↳ Es en
=lalvet

V2 on·V1
L



M

V1Mante-21003 rto
/Miresults Es+ S1

Set R =R(SeSa) = [Eo-SeEof1]
- ito .Sn]

Bu = REETEo-Sotsi :
Esatisfigle]

SalesofMS2 :

S ES = En Sh with smallhindand
a



Theorem (Figié- Higuchi , '23 ,24) :

There exists a bijective map

En : En
->

Res(p) n R

and a non-negative
Smooth function DCE)

=
DCE) of

Enear to uniformly bounded
writ. Lo

such that

7-
~



Theleading temDIE) : We
assume forsimplicityto()

1) Case E030 (m=n)

DIE)= C N(mvolo sin(0)
wherewe ve" (0) -vi(o)

(m odd)
R = Tos(m) (maxer)

:
0= 3

Soni) (modo

& O
(meven)

SCE) is the
action of the

directed eye w
-

SE) = (13dx =CS



2) Case Eo = 0 (m=2n)

DIE)=ALE)(An()

1 =F
An is a generalization of

the Ainy function (Ar
=Ai)

An(x) = E) exp(i) (x+iz)(i) de

50 = Vivild , qu



L (112 ; (2)
/ Main ideas of the proofs

Microlocal terminologies :
Letgot and

weir with 10E
-

1) We say that
vis microloclly o at so

and write weo at so

if f a neighborhod
in of so in" such

that

IITulica)
= O(h))
i(x-y(2/n- (x-y)uv(y)dy

Turih) = 2
* (h))ze

↑

&rand-FisI transform

2) We say that
w is a microtocl

solution to (P-E) w =o

at (x) EIR2 if 14E)W
= 0 at (x040)

The closed set of points where VEO
is the so-called

the Frequency Set of u.



Recall that
-

1) Any loctly normalized
solution w to (P-E)w

=0

is microlocally supported on NCE) UTLE)

2) If WEO at SoEW a
connected component

of (CE)WICE)) / (i- (E)MECEl)
then

⑫tagationofW = 0 as singularities



# The Space of
microlocel solutions on each connected component

of (UN)/(ni)
is one dimensional.

Let genit be a crossing point and I a small neighb
.

ofS
b
Uz

#

inY
&

=
b
En #

We construct 4 WKB
solutions F* t ,f

*

(P-E)WEO on Wh,U ,
We

to the system -

fi = e-



Theorem (A.-Fujicé - Higuchi
23 ,24)

-

For EER and
ho small , I a

2x2 matrix T=
TCEL)

such that if
a locally normalized

solution w satisfies

IPE) w = 0
or h

w=j o (j (=12 ,
c = # ,b)

then=n ()(
T=d - ih(0)(h) , 100 , 5=5t

T= Id-ih(y) + 0(h)
, 100 , 5 =3)

iT= Id _ ihm() + 0 (hi) , (E00 ,Se(0)

where wikee given explicitly



The proof of the previous
Theorem is based on

1) Construction of suitable
loct solutions

to the system
(P-E) w=

2) Study of oscillatory integrats
with degenerate phase

Degenerate Stationary phase-



Emicrolocalconnection formulaeto resonances

Suppose EERes(4)
Di and W a corresponding

resonant State : Pw =EW

= We LlIxata)) ,
AxoEIR

Take Xo <00 ·

Writing we (w) , wehave*
0 = ((P-E) W ,W)(2(ixa+ol)

= InDxw-Ellwn-h(wio) ,W(d)+ 2hReCroww



This gives us

(wi(xo) meto + we'(xo) wetxo)
ImE = -The /Exota)

the cessing
d turning points

Near XXo ,
we are far from

So theWBexpression
is valid :

and

Modulo Olk) we have
Wi = 0

Lout exp)-y)VEx(d+)W2~ -

(E-Y(x)

wini tat (E-Y(x)
* exp(iy)a)

for some constant dont
- which yirlds

=cart)~ t KoutRI-



The microlocut behavior of w near Xo
is

W = Cont fort
on Yout

Win
w = 0 ou

#7 W is normalized
on any portine W

ofi free

from crossing and turning points
the

W = fr
,

an X

andIWExotol) = CA(E)
+ 0(h
*
+ hi).

We finally obtain

ImE-h(



Gracias !
-


