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“God is a mathematician of a very high order and He used advanced
mathematics in constructing the universe.”
- Paul Dirac

"With the utmost respect Mr. Dirac, are you sure?”
- J. Lorca Espiro
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Topological order Generalities

e Not described by the Landau theory.
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The simplest of them all: The Toric Code, generalities

Spin 1/2 model on the square lattice (periodic boundary conditions).
Hamiltonian: Spins sit on the edges:
H=-) A,-) B,
v P

The Hamiltonian is the sum of two
kind of terms (stabilizers):

At‘ = HJI.E' . Bp — Haz.i

1Ev tEp

All these terms commute:

[Ai, Aj] = [Bi, Bj] = [4i, B;] = 0
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The simplest of them all: The Toric Code, generalities

H=-) A,-) B,

Since all the stabilizers A and B commute, a GS is identified by:

Ai=Ilea=1.  Bu=Tloa=1
@ Number of physical spins:
N =2L2

@ Number of stabilizers:
Ny =12 Ng=1I2
@ 2 constraints:

| 17,58 B W A

@ Number of ground states:

oN—(Na+NB-2) _ 4
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The simplest of them all: The Toric Code, generalities

H:_ZA‘{‘_ZBP: 44{':H03:.i! Bp:HJz_r"
v p

i€v i€Ep
IfA, = —1or B, = —1, a localized excitation appears with energy 2.
@ A = —1: electric charge e.
@ B = —1: magnetic vortex m.
Local operators o. or o, create pairs of excitations:

B@ :
2
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The simplest of them all: The Toric Code, generalities

e Trivial symmetry (stabilizers): Product of stabilizers A, or By,
operates as the identity over the ground states.

¢ Non-trivial symmetry (not a product of stabilizers): String with
non-trivial homology and not fixed value.
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e Trivial symmetry (stabilizers): Product of stabilizers A, or By,
operates as the identity over the ground states.

¢ Non-trivial symmetry (not a product of stabilizers): String with
non-trivial homology and not fixed value.

X, Z,

Xpfsseseeefens s s e
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Quantum Doubles Models and Gauge Theory picture

{E}-»G = H=EPclG, .
{E}

(a) a discretized H = Z (1, — A) + Z (1p—Bp)

manifold L.
vel pel
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Quantum Doubles Models and Gauge Theory picture

{E}-»G = H=EPclG, .

{E}
(a) a discretized — _ _
manifold L. Hi=> (Lr=A)+> (1= Bp) .
vel pel
+Q
P +> H o “’>

c—g

v

| > a

s B, |d l>6(b+c—d—a,0)d b>
C c
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Mathematical Structure
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Discretization of Manifolds

A S

O-simplax 1-simplax 2-simplex 3-simplex
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Data

) C:=(C,,8%), afreely generated (by K)) abelian chain complex.
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Data

) C:=(C,,8%), afreely generated (by K)) abelian chain complex.
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Definition

Forall p € Z, let hom(C, G)P := H Hom(Cp, Gp—p). The components
n
of f € hom(C, G)P are denoted f, : Cy — Gp_p.
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Data

) C:=(C,,8%), afreely generated (by K)) abelian chain complex.

i) G:= (G, a,G) a finite chain complex of graded groups G;..

iiiy morphisms from C; — G;.

Definition

Forall p € Z, let hom(C, G)P := H Hom(Cp, Gp—p). The components

n
of f € hom(C, G)P are denoted f, : Cy — Gp_p.

aC C C o
dn+2 an-¢—1 8n 8n—1
5 Gyt —— Gy —— Cpoy —— -
fn+1 l fnl lfn—1 = hom(C, G)O
+——— Gt Gn G
G G G G
3,,+2 6n+1 an an—1
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The (hom(C, G)*, §°*) cochain complex

Definition
We define the group homomorphism &P : hom(C, G)? — hom(C, G)P*"

(0PF)n = foq 005 — (—1)POE p o fn
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The (hom(C, G)*, §°*) cochain complex

Definition
We define the group homomorphism &P : hom(C, G)? — hom(C, G)P*"

(0PF)n = foq 005 — (—1)POE p o fn

¢ 9 60 ¢
oo+ n+1 AR S N, W N
fr| ] O] | o —homc.p
+ ——— G4 Gn ——— Gnt ——— -+ = 6%(f) € hom(C, G)"
8,?+2 an+1 aG 019—1
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The (hom(C, G)*, §°*) cochain complex

Definition
We define the group homomorphism &P : hom(C, G)? — hom(C, G)P*"

(0PF)n = foq 005 — (—1)POE p o fn

¢ 9 60 ¢
oo+ n+1 AR S N, W N
fr| ] O] | o —homc.p
+ ——— G4 Gn ——— Gnt ——— -+ = 6%(f) € hom(C, G)"
8,?+2 an+1 aG 019—1

We see that (hom(C, G)*, 6°*) satisfies 6°*' o 6P = 0.
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The (hom(C, G)*, §°*) cochain complex

Definition
We define the group homomorphism &P : hom(C, G)? — hom(C, G)P*"

(0PF)n = foq 005 — (—1)POE p o fn

¢ 9 60 ¢
. n+2 n+1 il Cn " Cn 1 L’ e
fr| ] O] | o —homc.p
+ ——— G4 Gn ——— Gnt ——— -+ = 6%(f) € hom(C, G)"
8,?+2 an+1 aG 0,?,1

We see that (hom(C, G)*, 6°) satisfies °*" o 6P = 0. Hence:
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The (hom(C, G)*, §°*) cochain complex

Definition
We define the group homomorphism &P : hom(C, G)? — hom(C, G)P*"

(0PF)n = foq 005 — (—1)POE p o fn

96 BC aC 5%
L2, m " Gy s Gy
fr| ] O] | o —homc.p
- 8T> Gn+1 26 Gn ? Gn-1 e = 6%(f) € hom(C, G)'
n+2 n+1 n n—1

We see that (hom(C, G)*, 6°) satisfies °*" o 6P = 0. Hence:

Definition (Cohomology)
Cohomology groups with coeff. in the chain complex

H"(C, G) := ker(6")/im(6"~ 1)

= = = = YO
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The Models
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Configuration and Representation Hilbert spaces
Let f € hom(C, G)°, we construct the states |f) = Q) |f (x)),

nxekKn

H ~spany {|N)} ~ Q) C[Ga] and dim(#) < oo

nxeKp
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Configuration and Representation Hilbert spaces
Let f € hom(C, G)°, we construct the states |f) = Q) |fa (x

nxekKn

H ~spany {|N)} ~ Q) C[Ga] and dim(#) < oo

nxeKp

Definition (p-characters and dualization)

We take X# (f) = <7/i'|f> = H <7’f-n|fn>x ~ eiZn,xﬂ'n(fn)x
n,xeKn

"Dualization procedure” (7|0 (f)) = (O (#) |f) defines P := dp+1
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Configuration and Representation Hilbert spaces
Let f € hom(C, G)°, we construct the states |f) = Q) |fa (x

nxekKn

H ~spany {|N)} ~ Q) C[Ga] and dim(#) < oo

nxeKp

Definition (p-characters and dualization)

We take X# (f) = <7/i'|f> = H <7’f-n|fn>x ~ eiZn,xﬂ'n(fn)x
n,xeKn

"Dualization procedure” (7|0 (f)) = (O (#) |f) defines P := dp+1

This defines & € hom(C, G), (dual space) with |7) = ® |7tn (X)),

nxeKn

A~ spany; (M) ~ X c[é,,] and dim(#) < ~

n,xeKn
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Global and Local operators

1

Forall t e hom™', # € homj it follows that (#]6° 0 6~ 't) = 1. Hence,

Operators On|f)y e H On|p)eH
Shit | PP = (f 6T | PYTEID) = (pl5 ) |)
Clock | Qszlf) :=(61&[f)|f) | Qs21p) = |p+ 617)

Qs,2P° 't = (#6%0 67 11)P Q5,7 they commute!!
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Operators On|f)y e H On|p)eH
Shit | PP = (f 6T | PYTEID) = (pl5 ) |)
Clock | Qszlf) :=(61&[f)|f) | Qs21p) = |p+ 617)

Qs,2P° 't = (#6%0 67 11)P Q5,7 they commute!!

Projector Operators (global)

AA-:M gt 2 ) Qoiz
" jpom~f| T " [homy]

, Ni=A:B!
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Global and Local operators

1

Forall t e hom™', # € homj it follows that (#]6° 0 6~ 't) = 1. Hence,

Operators On|f)y e H On|p)eH
Shit | PP = (f 6T | PYTEID) = (pl5 ) |)
Clock | Qszlf) :=(61&[f)|f) | Qs21p) = |p+ 617)

Qs,2P° 't = (#6%0 67 11)P Q5,7 they commute!!

Projector Operators (global)
Lo (Rl P

: Bl‘ = Zfr <t|ﬁ-> Q(517A1' rlt: _ AABt
" lhom™'| ’ |hom| T
Ifxec Khandge G4, T € G,,H, then
for Proj. op. (locally compact)

1

gx* chom™ ', Fx, € homy | A = A; , B = B%
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"Gauge” (and "Holonomy”) Equivalence

Proposition (Gauge equivalence (homotopy))
Letg € hom® and t € hom™". Let|f) = P° 't|g) = |g + 6 't) then

Ay If) = Ay |g) and we write f~ g (equivalence relation!)
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(R (R
~ LS [N

.
[
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"Gauge” (and "Holonomy”) Equivalence

Proposition (Gauge equivalence (homotopy))
Letg € hom® and t € hom . Let|f) = P’ 't|g) = |g + 6 't) then

Ay If) = Ay |g) and we write f~ g (equivalence relation!)

1] ]
= LJ ~ LJ

.
[

Proposition (Holonomy equivalence (co-homotopy))
Let p € homy and & € hom;. Let|b) = Q5,7 |p) = |p + 017) then

B°|&) = B%|p) and we write & ~ j (equivalence relation!)

— = = — Ty
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Operators example: 0,1 gauge

u s o ac o 9 a¢
S T, S R, N I Y H, N R

e t 3 3 % %

0 G B e e 0 —— 00— G Go—— 0

o o of g o¢ g
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Operators example: 0,1 gauge

u s aC DC aC 00 aC
. 4 3 G 2 c 1 Co 0 0

e fsl le Jﬁ lfo

— 5 (D_,_Q M S . 0 0 G1 G
v - > 0

o — C3

0

Let o, 8,7 € Go, i € Go, a,b,c,d,r,s,t,u,g € Gy and h € Gy then
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Operators example: 0,1 gauge

u s . C C aC C
R NP SR S PN A
B! SR
DT O O—— im0 —— 0 —— Gy ——— Go 0
c g g g a¢ g
\
Let o, 8,7 € Go, i € Go, a,b,c,d,r,s,t,u,g € Gy and h € Gy then
_ . a g+a
P5 1g®x 9G >
A _ 2P As, d@gb _ Lg0r (9> dfg¢g+b
Ox |Gy Gl
c c—g
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Operators example: 0,1 gauge

u s o¢ o oe o ae
N Cs 3 C> 2 . Co _ 0
t
a fsl le Jﬁ lfo
d
— 0 — O iinv90—-0-—-G ———>G ——0
v 0
g7 e o8 a8 98 e

\
Let o, 8,7 € Go, i € Go, a,b,c,d,r,s,t,u,g € Gy and h € Gy then

_ . gt+a
=% Tg®x 8
B aledy e
X
|G 1 clg
r P r
Sa(hls+t—u—r
25 D, B%|u S>= i < _ >p‘ u s>
g ) _1Gi| t Gi |
7@;5”}’* . ;L\@G )+ —8),
B @@
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Dynamics and Evolution

Definition (Hamiltonian (a la Kitaev))

We define the Hamiltonian operator H : H — H as:

H:=—In (ng)|n(2)<z (1-4,)+ 3 (1X50y)) .

nxeKn n,yeKn
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Dynamics and Evolution

Definition (Hamiltonian (a la Kitaev))

We define the Hamiltonian operator H : H — H as:

H:=—In (ng)m(z)(z (1-4,)+ 3 (1X50y)> .

nxeKn n,yeKn

The generator of the dynamics is 6 (O) := [H, O] for any O € O, then
U (0) := " (0) gives the time evolution for O

Proposition

It follows that § (Az) = 6 (B') =0V # € homg and t € hom® . Thus,
Ut (A;) = U (BY) = 14, i.e. they are time independent .

J. Lorca Espiro (Universidad de la Frontera) Quantum Double Models: January 2, 2025 19/31



Dynamics and Evolution

Definition (Hamiltonian (a la Kitaev))

We define the Hamiltonian operator H : H — H as:

H:=—In (ng) —In(2) ( 3 <1X—A6X) + 3 (1X_ B%)) .
n,xeky nyekn

The generator of the dynamics is 6 (O) := [H, O] for any O € O, then
U (0) := " (0) gives the time evolution for O

Proposition

It follows that § (Az) = 6 (B') =0V # € homg and t € hom® . Thus,
Ut (A;) = U (BY) = 14, i.e. they are time independent .

B
Notice that the Z (X) = Tr (efﬂH) = Tr ((ng) > —GSD’isaTP.
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Ground States Characterization
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Ground States

Proposition (Projector into the GS)

A W) € Ho (GSS) iff Ay [W) = |W) and B° W) = ). Then Y = A;B°
is a projector into Hy . This is GSD = Tr (I'Ig)
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Ground States

Proposition (Projector into the GS)

A W) € Ho (GSS) iff Ay [W) = |W) and B° W) = ). Then Y = A;B°
is a projector into Hy . This is GSD = Tr (I‘I8>

Proposition (Frustration Free Models and Seed states)

e By construction |0g) := Ay |0) € Ho in the configuration basis.
Then, from the seed state above P'|03) := |f5) € Ho iff f € ker (50).

e By construction |0°) := B°0) € Ho in the representation basis.
Then, from the seed state above Q; |0°) := |#) € Hy iff & € ker (dp).
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Ground States

Proposition (Projector into the GS)

A W) € Ho (GSS) iff Ay [W) = |W) and B° W) = ). Then Y = A;B°
is a projector into Hy . This is GSD = Tr (I‘I8>

Proposition (Frustration Free Models and Seed states)

e By construction |0g) := Ay |0) € Ho in the configuration basis.
Then, from the seed state above P'|03) := |f5) € Ho iff f € ker (50).

e By construction |0°) := B°0) € Ho in the representation basis.
Then, from the seed state above Q; |0°) := |#) € Hy iff & € ker (dp).

Ker () —"s ker () /im (d-1) = O (C, ) Ker (d1) —% ker (dy) fim (do) = Ho (C, G)
ke (@) /0 kee(d)/ ~o0
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Ground State Degeneracy Theorem

Theorem (Dimension of the ground state subspace!!!)
The dimension of the ground state subspace H, is given by:

GSD = |H°(C, G)| orequivalently GSD = |Hy(C,G)| ,
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Ground State Degeneracy Theorem

Theorem (Dimension of the ground state subspace!!!)

The dimension of the ground state subspace H, is given by:

)

GSD = |H°(C, G)| orequivalently GSD = |Hy(C, G)|

The first characterization gives us a way to calculate the GSD for
general manifolds by means of the Universal Coefficient Theorem

‘HO(C,G)‘§H|H”(C,H,7(G))| where

H"(C, Hn(G)) = Hom(Hn(C), Hn(G)) & Ext(Hn_1(C), Hy(G))
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GSD Calculation Examples
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Ground State Degeneracy of the Toric Code

g s ae o
0 ——~C—2+0C —>C—2>0
le f l fol — hom(C, G)°
0 0 —— Gy 0 0
o5 o of a
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80 aC aC 60
0 —2Cp—2uC— Gy —2> 0
le f l fol — hom(C, G)°
0 0 —— Gy 0 0
a8 g o8 3

Let C = C(T?) and Gy = Zo. Then Hopm = — » | As — > BY.
XEKy YEKs

J. Lorca Espiro (Universidad de la Frontera) Quantum Double Models: January 2, 2025 24/31



Ground State Degeneracy of the Toric Code
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0 ——~C—2+0C —>C—2>0
le f l fol — hom(C, G)°
0 0 —— Gy 0 0
o5 o of a

Let C = C(T?) and Gy = Zo. Then Hopm = — » | As — > BY.

XEKy YEKs
Homology n
Z
Ho (T2) |22
Z
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g s ae o
0 ——~C—2+0C —>C—2>0
le f l fol — hom(C, G)°
0 0 —— Gy 0 0
o5 o of a

Let C = C(T?) and Gy = Zo. Then Hopm = — » | As — > BY.

XeKy yeke
Homology | n Homology | n
z 0
H, (TZ) Zoz Hn(G) | Z2
7 0
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Ground State Degeneracy of the Toric Code

80 aC aC 60
0 —2Cp—2uC— Gy —2> 0
le f l fol — hom(C, G)°
0 0 —— Gy 0 0
a8 g o8 3

Let C = C(T?) and Gy = Zo. Then Hopm = — » | As — > BY.

XeKy yeke
Homology | n Homology | n
z 0
H,,(TZ) Zoz Hn(G) | Z2
7 0

Hence, GSD = |H°(C, G)| = |H'(C, H{(G))| = 22.
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GSD Z,, Z4 Abelian 1,2-gauge theory over S?

s ag a¢ o

0 —C ——C ——C——0

fgl f, l f l

Z4 Zg 0 —— 0
o§ 0§ of ag

0

J. Lorca Espiro (Universidad de la Frontera) Quantum Double Models: January 2, 2025 25/31



GSD Z,, Z4 Abelian 1,2-gauge theory over S?

s ag a¢ o

0 —C ——C ——C——0

fgl f, l f l

Z4 Zg 0 —— 0

0
o§ 0§ of ag

Let C=C(S?), Gy =Zo = {1,-1}, Go = Z4 = {1,i,—1,—i}, with
a8 (i) = —1.
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GSD Z,, Z4 Abelian 1,2-gauge theory over S?

s ag a¢ o

0 —C ——C ——C——0

fgl f, l f l

Z4 Zg 0 —— 0

0
o§ 0§ of ag

Let C=C(S?), Gy =Zo = {1,-1}, Go = Z4 = {1,i,—1,—i}, with
a8 (i) = —1.

Homology

Hn ($?)

N © ol
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GSD Z,, Z4 Abelian 1,2-gauge theory over S?

s ag a¢ o

0 —C ——C ——C——0

fgl f, l f l

Z4 Zg 0 —— 0

0
o§ 0§ of ag

Let C=C(S?), Gy =Zo = {1,-1}, Go = Z4 = {1,i,—1,—i}, with
a8 (i) = —1.

Homology | n Homology | n
0 0

Hy (82) 0 Hn(G) | 0
z Z2
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GSD Z,, Z4 Abelian 1,2-gauge theory over S?

s ag a¢ o

0 —C ——C ——C——0

fgl f, l f l

Z4 Zg 0 —— 0
o§ 0§ of ag

0

Let C=C(S?), Gy =Zo = {1,-1}, Go = Z4 = {1,i,—1,—i}, with
a8 (i) = —1.

Homology | n Homology | n
0 0

Hy (82) 0 Hn(G) | 0
z Z2

GSD = |[H(C, G)| = |H*(C, Hx(G))| = [Hom(H(C), H2(G))| = 2.
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| Final remarks and Future work |

(We are finishing, at last...)
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Final remarks

e These models become a general framework for QDM (at least in their
abelian versions).
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Final remarks

e These models become a general framework for QDM (at least in their
abelian versions).

¢ Although complete, the characterization presented mixes the
geometrical content and the group content, which makes them difficult
to picture physically.

o After all this treatment, the GSD calculation becomes a matter of a
"simple” algebraic topology exercise.

e This opens a huge class of new materials with exotic statistics and
fault tolerant error correction codes in more dimensions.
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Future Work

e New results show that the Classification of the GSS #,, is given by
the topological group Hy(C, G) x H°(C, G).
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