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�Manifold of mixed quantum states EH

Ź A mixed state of a quantum system is given by a non-negative

trace-class operator ρ : HÑ H with trace one (density matrix)

H “ system Hilbert space. In what follows: dimH “ n ă 8

Ź Open manifold of invertible mixed states

E inv
H “ tρ : HÑ H ; ρ ą 0, tr ρ “ 1u

Boundary BEH “ tnon-invertible ρ ě 0, tr ρ “ 1u

e.g. pure state ρψ “ |ψyxψ| P BEH.

Ź Tangent space TρEH at ρ

TρEH “ t 9ρ “ 9ρ˚ ; tr 9ρ “ 0u

(real) vector space of self-

adjoint traceless op. on H.
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�Contractive distances on EH

ρ
φ(ρ)

φ(σ)

σ

CONTRACTIVE DISTANCE

‚ The manifold of quantum states EH
can be equipped with many distances

d : EH ˆ EH Ñ R`.

‚ From a QI point of view, interesting distances must be contractive

under CPTP maps, i.e. for any such map Φ on EH, @ ρ, σ P EH,

dpΦpρq,Φpσqq ď dpρ, σq

Physically: irreversible evolutions can only decrease the

distance between two states.

‚ A contractive distance is in particular unitarily invariant, i.e.

dpUρU ˚, UσU ˚q “ dpρ, σq for any unitary U on H
‚ The Lp-distances dppρ, σq “ }ρ´ σ}p “ ptr |ρ´ σ|

pq1{p are

not contractive excepted for p “ 1 (trace distance) [Ruskai ’94].
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Petz’s characterization of contractive distances

‚ Classical setting: there exists a unique (up to a multiplicative

factor) contractive Riemannian distance dclas on the probability

simplex Eclas, with Fisher metric ds2 “
ř

k dp
2
k{pk [Cencov ’82]

‚ Quantum generalization: any Riemannian contractive distance

on the set of states EH with n “ dimH ă 8 has metric

gρp 9ρ, 9ρq “
n
ÿ

k,l“1

cppk, plq|xk| 9ρ|ly|
2

where pk and |ky are the eigenvalues and eigenvectors of ρ,

cpp, qq “
pfpq{pq ` qfpp{qq

2pqfpp{qqfpq{pq

and f : R` Ñ R` is an arbitary operator-monotone function

such that fpxq “ xfp1{xq [Morozova & Chentsov ’90, Petz ’96]
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Bures distance

Ź Fidelity (generalizes F“|xψ|φy|2 for mixed states) [Uhlmann ’76]

F pρ, σq “ }
?
ρ
?
σ}21 “

`

trr
a?

σρ
?
σs
˘2
“ F pσ, ρq

Ź Bures distance: dBupρ, σq “
`

2´ 2
a

F pρ, σq
˘

1
2 [Bures ’69]

ãÑ has metric of the Petz form with fpxq “ x`1
2

ãÑ smallest contractive Riemannian distance [Petz ’96]

ãÑ coincides with the Fubiny-Study metric on PH for pure states

ãÑ dBupρ, σq
2 is jointly convex in pρ, σq.
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Bures metric and arccos distance

Ź Bures metric: ds2
Bu “ dBupρ, ρ` t 9ρq

2 “ pgBuqρp 9ρ, 9ρqt
2 ` opt2q

Ź Geodesic distance for the Bures metric: arccos distance

θBupρ, σq “ minγ:ρÑσ `pγq “ arccos
a

F pρ, σq

(min over all smooth curves γ : r0, 1s Ñ EH, γp0q “ ρ, γp1q “ σ)

ãÑ θBu has same metric as dBupρ, σq “ 2 sinpθBupρ, σq{2q.

Ź Geodesics: smooth curves γg : r0, θs ÞÑ EH with constant

velocity minimizing the length locally.
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�Example: one qubit

For a qubit (H “ C2), quantum states

can be parametrized by the Bloch

vector r as

ρ “ ρprq “ 1
2

`

1` r ¨ ~σ
˘

, |r| ď 1 .

with σ1, σ2, σ3= Pauli matrices.

Bures metric

ds2
B “ pgBqαβdαdβ “

1

4

´

dt2 ` sin2 t
`

dθ2
` sin2 θdϕ2

˘

¯

t “ arcsinp|~r|q P r0, π{2s, θ, ϕ= spherical coordinate angles

ãÑ metric of the (half) 3-sphere S3 Ă R4.

Consequences: (i) E inv
H has a constant positive curvature.

(ii) the geodesics are projections of great circles of S3 on the

r “ px, y, zq-hyperplane
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�Determination of Bures geodesics

Consider a system with Hilbert space dimensionn ă 8.
Let ρ and σ P EH be two invertible mixed states.

TH 1: To any unitary self-adjoint operator V commuting with

Λσρ “ p
?
ρ σ
?
ρq1{2, there corresponds a geodesic arc ρÑ σ:

γg,V pτq “ Xρσ,V pτq ρXρσ,V pτq , 0 ď τ ď θV ,

Xρσ,V pτq “
1

sin θV

´

sinpτqρ´1{2ΛσρV ρ
´1{2 ` sinpθV ´ τq1

¯

with θV “ geodesic length “ arccosptrrΛσρV sq

ãÑ there are N “ 2n (resp. N “ 8) geodesic arcs joining ρ

and σ if Λσρ has nondegenerated (resp. degenerate) spectrum.

ãÑ the shortest geodesic arc is obtained for V “ 1.

It has length θ1 “ dBpρ, σq

Previous works: V “ 1 [Ericsson, J.Phys.A ’05; Barnum, PhD thesis ’98]
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�Intersections with the boundary

‚ Boundary of quantum states

BEH “ tnon-invertible ρ ě 0, tr ρ “ 1u

‚ The number of intersections of γg,V

with the boundary BEH between ρ n “ 3
and σ is equal to the multiplicity of the eigenvalue ´1 of V .

(note that specpV q “ t1,´1u since V is unitary & s.a.).

In particular, the shortest geodesic γg,1 does not interest

BEH between ρ and σ.

‚ By prolongating γg,V : closed geodesics intersecting qV times

BEH, with qV “ 7 of distinct eigenvalues of Mρσ,V . The inter-

section states ρi have ranks n´mi,V and supports p1´Pi,V qH,

with mi,V , Pi,V “ multiplicities and spectral projectors of Mρσ,V

[Ericsson, J.Phys.A ’05]
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Outlines

X Geodesics on the manifold of quantum states

‚ Geodesics as non-Markovian physical evolutions
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Purifications and horizontal lifts

Ź Consider an ancilla (environment) with Hilbert space HA,

dimHA ě n. A purification of the system state ρ P EH is

a pure state |Ψy P H bHA such that

ρ “ trA|ΨyxΨ| “ πp|Ψyq

Ź Purifications of ρ are not unique:

given a purification |Ψ0y, all other

purifications are in the orbit of ρ under

the unitary group action on HA:

π´1pρq “ t|Ψy “ 1b UA|Ψ0y ; UA unitary on HAu

Ź Horizontal lift of a curve γ : r0, θs Ñ EH: t P r0, θs ÞÑ |Ψhptqy,

γptq “ πp|Ψhptqyq , | 9Ψhptqy P H|Ψhptqy horizontal subspace
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Geodesic Hamiltonian

‚ TH 2: There is a Hamiltonian Hg,V on H bHA s.t.

γg,V pτq “ trA

´

e´iτHg,V |ΨyxΨ|eiτHg,V

¯

where |Ψy is a purification of ρ. This Hamiltonian is

Hg,V “ ´i
`

|Ψyx 9ΨV | ´ | 9ΨV yxΨ|
˘

where | 9ΨV y is a normalized vector orthogonal to |Ψy satisfying

the horizontality condition:

| 9ΨV y P H|Ψy “ tLb 1A|Ψy ; L self-adjoint , xLb 1AyΨ “ 0u

ãÑ Geodesics correspond to physical evolutions of the system
coupled to an ancilla.

‚ In particular, if γg,V passes through a pure state ρ “ ρψ, the

initial system-ancilla state is decorrelated, |Ψy “ |ψy b |αy.

NOTE: always the case for a qubit case (n “ 2).
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Uhlmann fiber bundle

BA

  

ρ
σγ

Γ

π

Distance : d 2 d Bu

Quantum statesUnit sphere

(dim. 2n 2 −1) (dim. n 2 −1)

Consider the unit sphere S of

the normalized vectors

|Ψy P HbHA, with dimHA “

dimH “ n, equipped with the

norm distance

dSp|Ψy, |Φyq “ }Ψ´ Φ}

‹ Projection map: π : S Ñ EH
πp|Ψyq “ trA |ΨyxΨ|

Orbit of ρ under the unitary group action:

π´1pρq “ t|Ψy “ 1b UA|Ψ0y ; UA unitary on HAu

‹ Then EH “ S{Upnq. The Bures distance on EH is [Uhlmann ’76]

dBupρ, σq “ inf
|ΦyPπ´1pσq

dSp|Ψ0y, |Φyq
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�Riemannian submersions and geodesics

‹ The map π from pS inv, dSq to pE inv
H , dBq is a smooth

Riemannian submersion, i.e. its differential Dπ||Ψy is an isometry

rkerpDπ||Ψyqs
K Ñ TρEH for all |Ψy P S.

‹ TH: A smooth Riemannian

submersion π : S inv Ñ E inv
H

maps geodesics of pS inv, dSq

with horizontal initial tangent

vectors | 9Ψhy P rkerpDπ||Ψyqs
K

onto geodesics in pE inv
H , dBq.

‹ S inv is induced by the Euclidean metric dS on H bHA

ãÑ the geodesics |Ψg,V pτqy on S inv are great circles.

‹ Using these fact, one finds the explicit form of the Bures geodesics

and obtains that |Ψg,V pτqy “ e´iτHg,V |Ψy.
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�Uhlmann holonomy

‚ For a given purification |Ψy

P H bHA of ρ, let

τ P r0, πs ÞÑ |Ψg
hpτqy

be a horizontal geodesic

on H bHA starting at |Ψy.

(Uhlmann parallel transport).

‚ Given two ONB t|kyunk“1 of H and t|αlyu
n
l“1 of HA, let

τ ÞÑ |Ψg
refpτqy “

a

γg,V pτq b 1A
řn
k“1 |ky b |αky

be a reference lift of the geodesic γg,V s.t. |Ψg
refp0qy “ |Ψy.

‚ Uhlmann holonomy: unitary operator UAptq on HA such that

|Ψg
hpτqy “ 1b UApτq|Ψ

g
refpτqy
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�Uhlmann phase of geodesics

‚ Let Uσρ be the unitary operator in the polar decomposition
?
σ
?
ρ “ UσρΛσρ , Λσρ “ |

?
σ
?
ρ| .

Then UApτq “ pUγgpτ qρV q
T

V= unitary defining the geodesic, OT “
ÿ

k,l

xl|O|ky |αkyxαl|

‚ Uhlmann geometric phase: φUpτq “ argxΨ|Ψg
hpτqy

(independent of the purification |Ψy of ρ). One finds

φUpτq “ trpΛγgpτ qρV q “

#

0 if 0 ď τ ă π{2

π if π{2 ă τ ď π.

ãÑ topological kick at τ “ π{2, i.e. when |Ψg
hpτqy K |Ψy.

‚ In particular, the Uhlmann phase of any closed geodesic is non-

trivial, φUpπq “ π. Indeed, |Ψg
hpkπqy “ p´1qk|Ψy, k “ 1, 2.
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Conclusions

Ź Explicit form of the Bures geodesics on the manifold of quantum

states
ãÑ generalizes previous works by

A. Ericsson and H.N. Barnum.

ãÑ relies on the theory of Riemannian

submersions.

Ź The geodesics can be realized as physical evolutions of the system

coupled to an ancilla

ãÑ can be simulated in experiments and quantum computers!

Ź The Uhlmann phase of closed geodesics is

non trivial and exhibits a topological kick.

Ø the shortest geodesic arc between

2 invertible states, which does not

intersect BEH, has a trivial phase. n “ 3
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�Why are Bures geodesics interesting?

‹ Applications to quantum metrology:
Estimate some unknown parameter(s) φ

from measurements on the output state

of a φ-dependent quantum channel.

ãÑ Bures metric gBp 9ρ, 9ρq “ Quantum

Fisher Information giving the best

possible precision in the estimation.

‹ Applications to quantum control:
Steering an initial state to a target

state using a given time-dependent

Hamiltonian / Liouvillian depending

on some control parameters.

‹ Relation with the Quantum speed limit.
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